The family of orthogonal polynomials corresponding to a generalized Jacobi weight function was considered by Wheeler and Gautschi who derived recurrence relations, both for the related Chebyshev moments and for the associated orthogonal polynomials. We obtain an explicit representation of these polynomials, from which the recurrence relation can be derived.
( 0, elsewhere, 7 G R, a > -1, ß > -l,p > 1. The case p < -1 may be solved by replacing v by -v and interchanging a and ß. We see that the integrals (2.1) are of Jacobi type if 7 = 0. They reduce to another special case if 7 = s G Z. Then the weight function p is the product of the Jacobi weight with a polynomial resp. a rational function with 3-fold zero resp. pole at v = -p, p > 1. We will show that in these cases the orthogonal polynomials may be represented in terms of Jacobi polynomials.
As the weight w(Q'"'^(x; A) is an even function of x, the associated orthogonal polynomials P" "(x; A) of even and odd degree n are even and odd functions, respectively. So we have Pt0n\x;X) = ^^>(x2; A), P^^ (x; X) = x^\x2;X), with polynomials <pn and tpn of exact degree n. (In the sequel we omit the parameters a, ß, 7, A if possible.)
In the even degree case, the orthonormality relation becomes, in view of (2.1),
In the odd degree case we get similarly
Let in the usual notation of Jacobi polynomials [5] h(*,ß) -= 2°+0+l r(n + a +!)!> + /?+1) n 2n + a + ß + 1 n\Y(n + a + ß + l)
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use «^-pfT")-By direct inspection-numerator and denominator are both zero at v = a-or via the Christoffel-Darboux identity it is easy to see that pn' is a monic polynomial of degree n. For every polynomial qn-i of degree less than n we get
because of the orthogonality of the Jacobi polynomials. Thus, pn' (v;p) is a constant multiple of the orthonormal polynomial relative to the weight p(a'P>l\ 
We thus have In case 7 = 0 we now derive the recursion formula for the even and odd degree polynomials, respectively. We start with a known result from the theory of orthogonal polynomials (Chihara [2, p. 25] ). can be generated by
Qn+l (X) = (X-ß'n)Qn(x) ~ 7"Qn-l(*), M = 1, 2,..., w/iere ß, =ßnzl^ n = 0,l,2,..., Vn:=^, "-1,2,....
From (2.5) there follows the representation of the monic even-degree polynomials Vna'm:
We are interested in the coefficients b2n,c2n of the recursion formula We note that in the limit A -► 0, i.e., c -► 1 or p -► 1, these recursion coefficients i -112 112\ agree with those of the polynomial Pn (2v -1) up to a scaling. Analogous formulas can be derived in the other Chebyshev cases.
